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2 Abstract

Let £ be an MLF and k an algebraic closure of k. It is known that we can reconstruct a
multiplicative group k* from an absolute Galois group G}, despite we can not reconstruct the

field structure of k.
G~ G~ E* - a multiplicative group, G+ k : the field

Therefore, we consider a new field k™~ whose additive structure is derived from the multiplicative

structure of k, and we reconstruct the new field k™~ from k.

Gj ~ k : the field ~ G ~ k™ : a field

Then we define “log-volume” (notion essentially corresponding to Haar measure) and “log-shell”
(the subgroup of £~ normalizing the log-volume). These are conventionally defined using an

additive structure.

G ~ k : the field ~ a log-shell C k™, a log-volume

Finally, we reconstruct an additive group k™, a log-shell, and a log-volume from G}, despite we

can not reconstruct the field structure of k™.
G ~ G ~ k™ @ an additive group,

~ a log-shell C k™, a log-volume



3 Notation

k: an MLF (finite extension of Qg,)
Op: the ring of integers of k

my: the maximal ideal of Oy

In this talk, we use magenta objects and blue objects
Magenta: We start from G, (an abstract group)
Blue: We start from G ~ k (an abstract field)



4 Reconstruct Algorithms-1: Review

[AbsAnab], (1.2.1); [Hsh], (3.1)-(3.10)
START: G: an abstract group (k: MLF)
e p: the unique prime s.t. dim@p(sz ®5 Qp) > 2
e d ¥ dimg (G2 @, Q,) — 1
o EHGE +1

Note that d = [k : Qp], f = [Or/my : F))
def
L] [k: = mHgGk H

where H C G: normal open s.t. d(Gy)/f(Gr) =d(H)/f(H)
Note that Iy, C Gj: the inertia subgroup

e P.: the unique pro-p Sylow subgroup of I

Note that Py C Ij: the wild inertia subgroup



5 Reconstruct Algorithms-2

e I'rob € (). /I: the unique element (. /1), which acts on I,/ P by p/
Note that Z = Gy /I : 1 — Frob
o X X Gab s g Frob” C G
> Gab x g1, Frob C kX
Note that O = Oy \ {0}
o OF Yim(l, —» G*) C 0%
o KX = lim kX (H)
def

o« 02 Elim  O°(H)
def ;.
e OF Climy, O%(H)

But we can not reconstruct the field structure of k>, k*

Proposition ([AbsTplII], (1.10))
If k: an MLF, U/k: a suitable curve, then

T (U) ~» 1 (U) — G, ~ k : the field structure



6 Motivation and Review of p-adic logarithm-1

For simplicity, now we consider k = Q,,

o 1(Qp) def (@) )tor € Qp: the set of (p — 1)-th roots of unity

e Q) ={pulneZuecl;}
o Zy = Q) x (1+pZy)

e Then there exists a unique continuous group homomorphism
logg,: @ — Qp

s.t. logg, (p) = 0, logg, (1(Qy)) =0,

Lo 13
logQP(l—Fx):x—ix +§x —

for 1+ 2 €1+ pZ,, and long induces
L+ pZy, = pZy, (if p#2)
1+ pzZp = pQZp
e In particular,
3 1080, (Z) =T, (i #2)

1 .
% IOng (Z;) 2Zy (fp=2)



7 Motivation and Review of p-adic logarithm-2

We want to reconstruct a field & or a ring O, from Gy,
So we consider the log-shell
def 1
Iy = %logk(ol:)
Note that Z, O Oy, (so Z is a “container”)

Thus,
Gi ~ k, O, T

kal}wk, Ok, logk:kX—H{WIk

So we consider next Lemma



8 Motivation and Review of p-adic logarithm-3

Key Lemma

We consider the injective limit of p-adic logarithm
log,: OF — k,

we obtain p-adic logarithm -
logg: OF — k

These induce the following group isomorphisms

~

~ def 5 x\pf def ; X
k7= (0" = lim O g, K
O;%O;:N-th power

7~ def £ def . ~ -
kK~ = (Og)p = hgq (’)Tj —log; K
O; —>O£< :N-th power
where
left side: multiplicative structure of k, k

right side: additive structure of k, k

Moreover, log; is compatible with the action G ~ k™, k



9 DMotivation and Review of p-adic logarithm-4

We consider k™, k™ as fields
e additive structure of k™, k™: induced by mult. structure of k, k
e multiplicative structure of k™, k™: inverse image log,_1 of mult. structure of k, k
Thus, we obtain

Gi ~ O ~ k™ (additive group)

Gr vk~ logy ~ k™, Gy ~ k™ (field)

To reconstruct log-shell and log-volume, we use £~ and we consider O, — k™ instead of

log,: OF — k™~ — k



10 Log-shell-1

START: G, ~ k: an abstract field
o k% EGr: the fixed field
e 7 C k: the additive subgroup generated by 1 € k
e O, Ck O C k: the integral closure of Z
e O Ck, (’)5 C k: the multiplicative groups

~ def oy \pf def : X

k™= (0 = lim Oy
(’)‘,z< —>(’);< :N-th power

o~ def o yxypf def : x

(’)é< —>(’)I£< :N-th power
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11 Log-shell-2

Next, we consider p-adic logarithm (cf. p.6)

log, induces

log,: OF — k

logg: OF = k

OF =k~ =k

(’)5—>EN—>IZ

11



12 Log-shell-3

By Key Lemma, k&~ — k, k™~ — k are group isomorphisms
Since right sides are fields, k™, k™ can be regarded as fields
e k™~ : a field
o G ~ k™ : a field
e Op~: aring of integers of k™
o7 %Im(@,ﬁ — k™) C k~: an log-shell

Lemma ([Hsh], (1.2))

We consider p-adic logarithm
Of -k~ =k

Then
2Ok~ = (kN — k)‘l((’)k)

that is, Z is a “container”

12



13 Log-shell-4:blue version

START: G}, ~ k: an abstract field (k: MLF)
e k™ a field
e G ~ k™: a field
e log;: O — k™ — k: p-adic logarithm
e O Ck: aring
¢ Op~ = (K~ — k)" (O) Ck™: aring
def 1

o Ij = 5,10, (0)) C k: alog-shell

o7 def ﬁlm(okx — k™) C k™ a log-shell



14 Log-shell-5:magenta version

START: GG an abstract group (k: MLF)
~
O O;: a multi. group
O k~: an additive group
O k~: an additive group
x log,: OF = k™~ =k
O OF — k™ instead of p-adic logarithm
x O C k: aring
X Ok~ C k™: aring
def 1

x Iy = 5;10g,(OF) Ck
OZI def ilm((’); — k™) C k™ a log-shell
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15 Log-volume-1

Theorem ([AbsTpllII], (5.7))
Write M(k) ef {0 #U Ck|U:a compact open subset}
Then there exists a unique map 3y : M(k) — R~ (Haar measure) which satisfies the follow-

ing:

(1) additivity: VA, B € M(k), ANB =0 = u,(AUB) = ux(A) + ux(B)
(2) B-translation invariance: Vz € k, VA € M(k), ur(A+x) = pr(A)
(3) normalization: p;(O) =1

We shall refer to pi(—) as the volume on &
and ,u}:g def log opy: M(k) — Rsg — R as the log-volume on k,

where log dentes usual logarithm

15



16 Log-volume-2

START: G ~ k

o M(k) & {0 #£U Ck|U:a compact open subset}

o 1 M(k) — R<o: which satisfies (1), (2), (3)
. Mg’g: M(k) — R: the log-volume

Thus,
? log
G~ k, O,

Gr v E o~ by O~ 1%

So we consider £~ and Z C k™
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17 Log-volume-3

Theorem ([Hsh], (3.12))
Write M(k™) & {0 #£U CEk™~|U :a compact open subset}
Note that Z € M(k™)

Then there exists a unique Haar measure 3!~ : M(k~) — R-o which satisfies the following:

(1) additivity: VA, B € M(k™), ANB =0 = u~(AUB) = px~(A) + pp~(B)
(2) B-translation invariance: Vx € k™, VA € M(k™), pup~(A+ ) = pp~(A)
(3) normalization: ux~(Z) = (p*)¢/p/*™

where pm % #u(k)®) and pu(k)®) denote the p-Sylow subgroup of u(k)

det Jp (p:odd)
Pl w=2

Note that pr~(Ok~) = pr(Or) =1
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18 Log-volume-4

START: GG): an abstract group

We know k™, p,d, f, k™, T C k™~

4« def
ep =por4d
® u(k) “ (k™ )tor
o (k)P the p-Sylow subgroup

def

o p™ = (k)@
o M(k™) def {0 #£U C k™| U :acompact open subset}
o (i~ M(E™) — R-(: which satisfies (1), (2), (3)

o 1122 M(k™) — R: the log-volume
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19 Summarize

We want to reconstruct )
Gk ~ k‘, Ok:

Using the field structure, we can reconstruct
Gp vk~ k, Op ~ Tp, C k : log-shell, %% : log-volume
By using the new field £~, we can reconstruct

G ~ k™ : additive structure ~ Z C k™ : log-shell, u}\f’f; : log-volume
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